The CKM matrix elements |V cb | and |V ub | can be obtained by combining data from the experiments with lattice QCD results for the semi-leptonic form factors for theB → D * ν andB → π ν decays. It is highly desirable to use the Oktay-Kronfeld (OK) action for the form factor calculation on the lattice, since the OK action is designed to reduce the heavy quark discretization error down to the O(λ 4 ) level in the power counting rules of the heavy quark effective theory (HQET). Here, we present a matching calculation to improve heavy-heavy and heavy-light currents up to the λ 3 order in HQET, the same level of improvement as the OK action. Our final results for the improved currents are being used in a lattice QCD calculation of the semi-leptonic form factors for theB → D * ν and B → D ν decays.
I. INTRODUCTION
The Cabibbo-Kobayashi-Maskawa (CKM) matrix contains four of the fundamental parameters of the Standard Model (SM) which describes flavor-changing phenomena and CP violation [1, 2] .
The CKM matrix is a 3 × 3 unitary matrix, and |V cb | is a CKM matrix element which describes flavor-changing weak interactions between bottom and charm quarks. |V cb | is an important quantity in particle physics. It constrains one side of the unitarity triangle through the ratio |V ub |/|V cb |. It gives the dominant uncertainty in the determination of the CP violation parameter ε K in the neutral kaon system, where there is currently tension between the SM and experiment [3] .
There are two competing and independent methods to determine |V cb |: one is to derive |V cb | from the exclusive decays (B → D * ν andB → D ν) and the other is to obtain |V cb | from the inclusive decays (B → X c ν). There exists currently 3σ ∼ 4σ tension between the exclusive |V cb | and the inclusive |V cb | [4] , which makes the study of |V cb | even more interesting.
Another motivation to study the exclusive decays (B → D * ν andB → D ν) is the tension in R(D ( * ) ) between the SM theory and experiment [4] . The latest update from the HFLAV report gives the combined tension in R(D) and R(D * ) to be 3.8σ. A preliminary report from BELLE [5] claims that the tension is 3.1σ. Hence, more precise determination of the semi-leptonic form factors for the exclusive decays will be important to confirm or dismiss a potential new physics possibility.
When we determine |V cb | from the exclusive decays such asB → D * ν, there are two different sources of * E-mail: wlee@snu.ac.kr † E-mail: leemjaehoon@kias.re.kr uncertainty: One comes from the theory, and the other comes from experiment. Basically the experiments determine |V cb | · |F(1)| and the theory determines the form factors |F(1)|. The dominant uncertainty in the calculation of the semi-leptonic form factors |F(1)| comes from the heavy-quark discretization [6] . Hence, it is essential to reduce the heavy-quark discretization error as much as possible in order to achieve higher precision in |F(1)|.
It is challenging to reduce the discretization errors for b and c quarks, since the heavy quark masses are comparable with the inverse of the lattice spacing 1/a. The Symanzik improvement program [7] does not work for am Q ≈ 1. The Fermilab formalism [8] makes it possible to control the discretization errors of bottom and charm quarks. In the Fermilab formalism, the lattice artifacts for heavy quarks are bounded in the limit of m Q a → ∞, and they can be reduced systematically by tuning coefficients of the action. With a non-relativistic interpretation of the Wilson action, one can match the lattice theory to continuum QCD using the heavy-quark effective theory (HQET) for heavy-light systems [9] [10] [11] or non-relativistic QCD (NRQCD) for quarkonia [12, 13] .
Here we can estimate the lattice artifacts due to neglecting the truncated higher order terms by using the power counting of HQET or NRQCD.
The Fermilab action includes the dimension five operators of the Wilson clover action and is improved up to the λ 1 order in HQET [8] . The Oktay-Kronfeld (OK) action is an extension of the Fermilab action and is improved up to the λ 3 order in HQET [14] . In order to calculate weak matrix elements while taking advantage of the full merits of the OK action, it is essential to improve also the flavor-changing currents up to the λ 3 order at the tree level. In this paper we explain additional operators needed to improve the currents up to the λ 3 order and a matching calculation to determine the coefficients for these operators. The resulting improved currents can be used to calculate the semi-leptonic form factors for thē B → D * ν andB → D ν decays [15, 16] .
In Section II we briefly review the Fermilab formalism and show the explicit forms of the Fermilab and OK actions. In Section III we introduce an approach to current improvement and build up the improved current. In Section IV we explain the matching calculations and determine the improvement parameters, the coefficients for the improved current operators. In Section V we present an interpretation of the matching calculation based on HQET. The HQET interpretation clarifies the structure of the matching conditions and provides a cross-check.
In Section VI we present the results for the improvement parameters and discuss their chiral-continuum and static limits. In Section VII we conclude. The appendices contain technical details on the matching calculations and comparison of the chiral-continuum limit with results from the Symanzik program.
Preliminary results for the improved currents were published in Ref. [17] .
II. HEAVY QUARKS ON THE LATTICE
The Fermilab method was introduced in Ref. [8] to systematically improve lattice gauge theories with Wilson quarks [18] with masses comparable to the lattice cutoff, am Q ∼ 1. The method was used to further improve the action in Ref. [14] . Symanzik's original local effective description of lattice gauge theory [7] assumes am Q 1, and so it does not apply to heavy quarks [19] . The authors of Refs. [19] [20] [21] developed HQET and NRQCD as alternative effective-continuum field theories to describe the lattice artifacts of heavy quarks. They used a dual expansion in λ ∼ Λ/(2m Q ) ∼ aΛ to construct the O(λ 1 ) action of effective-continuum HQET. The Fermilab action was introduced in Ref. [8] , and improved through O(λ 1 ). The authors of Ref. [14] used a generalized version of Symanzik's effective field theory together with effectivecontinuum HQET and NRQCD to develop the improved Fermilab action and to estimate remaining heavy-quark errors. The improved Fermilab action introduced by Oktay and Kronfeld (the OK action) in Ref. [14] is improved through O(λ 3 ).
The Fermilab method begins with the observation that time-space axis-interchange symmetry need not be respected to tune the lattice action and currents to the renormalized trajectory [22] . For systems with heavy quarks, the authors of Ref. [8] introduced independent, mass-dependent couplings for the spatial and temporal parts of the clover term [23] and pointed out the sufficiency of including only spatial terms at higher order, without altering the Wilson time derivative. The authors of Ref. [8] constructed the transfer matrix and showed that the Hamiltonian of the clover action can be tuned to the non-relativistic Pauli Hamiltonian, with errors that remain bounded even as am Q → ∞. The analysis of the lattice Hamiltonian also led to the introduction of an im-proved quark field [8] . Working at tree level, the authors of Ref. [8] matched two-quark matrix elements of flavorchanging currents constructed from the improved field through O(p). The authors of Refs. [20, 21] then proved the sufficiency of the improved field for tree-level improvement through O(λ) in effective-continuum HQET.
The equivalence of the lattice theory and HQET can be expressed by the relation
where the symbol . = means that, in the regime where both theories hold, all physical amplitudes with external states on shell are equal to each other, and
where z B is the matching coefficient for the chromomagnetic term, and m 1 , m 2 , and m B are the rest, kinetic, and chromomagnetic masses of the quark, respectively.
Here, we use the same notation for D 4 , D, and Σ · B as in Ref. [14] , and h (+) is a heavy-quark field which satisfies γ 4 h (+) = h (+) . Here the rest mass m 1 has no importance, because it does not affect the energy splittings and the matrix elements [19] . The bare mass (or the hopping parameter) is determined by demanding that the kinetic mass m 2 be equal to the physical mass. The Fermilab action, introduced in Ref. [8] , is
where
where m 0 is a bare quark mass, the parameter ζ breaks axis-interchange symmetry if ζ = 1, and r s is the Wilson parameter for the spatial directions. The lattice covariant derivative operators are
where the covariant translation is defined by
where ±µ represents the positive and negative directions along the µ-axis, andμ is a unit vector along the µ-axis.
The signature for the γ-matrices is given in Appendix A. The dimension five operators S B and S E are
Here the chromomagnetic and the chromoelectric fields are
with the clover field-strength tensor
Here sign(μ) = ±1 forμ = ±µ. The OK action [14] is an improved version of the Fermilab action. It includes counter-terms up to λ 3 order, incorporating all dimension six and some dimension seven bilinear operators. The OK action is
where S 6 (S 7 ) represents counter-terms of dimension six (seven). Explicitly,
and
The coefficients {c i } are determined by matching at tree level the dispersion relation, interaction with a background field, and Compton scattering amplitude. Taking redundant operators into account, the operators in Eqs. (15) and (16) are a complete set for matching through O(λ 3 ) at tree level. In general, at dimension six, there are contributions from not only bilinears, but also four-quark operators such as
[QΓQ]
where Q represents heavy quarks, and q f represents light quarks with flavor f . In the heavy-light system, however, four-quark operators of the type in Eq. (17) contribute to physical matrix elements only through heavy-quark loops, and so contributions from these operators are suppressed by at least an additional factor of λ 2 [14] ; such operators are omitted from the OK action. When [heavy quark]-[light quark] scattering is matched at tree level, one finds that the tree-level coupling of four-quark operators of the type in Eq. (18) is proportional to a redundant coupling of the pure-gauge action, and can be eliminated by adjusting this coupling [14] . Thus, the four-quark operators are neglected, and the OK action has only six new bilinear operators.
In recent studies of exclusive semi-leptonic decaysB → D ( * ) ν of the FNAL/MILC collaboration [6, 24] , the Fermilab action is used for b and c quarks to control the discretization errors. The theoretical error from lattice QCD is 1 ∼ 2%, which was comparable with the error from experiment. In the case of the semi-leptonic form factor calculation forB → D * ν at zero recoil, the heavyquark error (≈ 1%) is dominant. If we want to reduce the theoretical error to the sub-percent level, we cannot use the Fermilab action, but must use a more improved action, such as the OK action, whose heavy-quark errors are around 0.2% ∼ = O(λ 4 c ). In the calculation of hadronic matrix elements for B → D ( * ) ν decay, heavy-quark discretization errors come from both the hadronic states and the flavorchanging currents [19, 21] . Using the OK action for b and c quarks, we expect the hadronic states of the B and D ( * ) mesons to be improved up to λ 3 order by the action itself. To take full advantage of the OK action for b and c quarks, we must improve the flavor-changing currents up to λ 3 order, the level of improvement of the OK action. Here we explain how to improve the currents up to λ 3 order using HQET.
First, let us review HQET by deriving the HQET Lagrangian from the QCD Lagrangian using a field redefinition. The fermionic part of the QCD Lagrangian in Euclidean space is
where Q is a heavy quark field with mass m. At tree level the HQET Lagrangian can be derived by using a Foldy-Wouthousen-Tani (FWT) transformation [25, 26] . Up to 1/m 3 order at tree level, the FWT transformation is
The corresponding HQET Lagrangian is
where h is the heavy quark field in the rest frame of the heavy quark, with quark field h + and anti-quark field h − :
In (21), we drop terms with the anti-quark field h − for simplicity. In Ref. [27] , the non-relativistic QCD Lagrangian (NRQCD) was constructed up to α s /m 3 order in Minkowski space. If we compare the resulting Lagrangian with that in Eq. (21), they are consistent with each other at tree level. The FWT transformation for Q andh is given in Appendix B. A study on extending Eq. (20) to all higher orders is given in Ref. [28] . Working at tree level, the relationships between QCD operators and those of HQET can be obtained by simply replacing Q fields with h fields using Eq. (20) . For example, the tree-level matching for a flavor-changing current operatorcΓb in QCD is
where the superscript (i,j) represents the fact that the operator J
Hence, the corrections with i + j = 1 are
and the corrections with i + j = 2 are
Let us construct a corresponding lattice current oper-atorJ lat Γ with OK heavy quarks as follows,
where ψ f (f = b, c) are quark fields of the OK action.
Here the ellipsis in (29) represents terms of higher order. The lattice version of Eq. (23) is
where the coefficientC lat Γ contains short-distance effects of the heavy quarks. At tree levelC lat Γ is given bȳ
where m
) at tree level. The HQET operatorsJ lat(i,j) Γ with 1 ≤ i + j ≤ 2 have the same form as in Eqs. (24) -(28), but the coefficients are different, in general, due to lattice cutoff effects. We impose the matching conditioñ J lat(n−r,r) Γ = J (n−r,r) Γ (r ≤ n, n = 1, · · · , N ) (32) in order to determine the coefficients of the terms added to improve the currents. The remaining mismatch can be removed by rescaling the lattice current by an overall normalization factor.
For example, let us consider improving the currents up to order λ at tree level. This can be done by introducing improved quark fields Ψ If as in Ref. [8] .
Here, the normalization factor e m [0] 1f /2 is introduced to cancel outC lat Γ . Then we rewrite J lat Γ in terms of HQET:
At this stage one may choose any matrix element for matching. The simplest one is c(p )|J lat Γ |b(p) , where c(p )| and |b(p) are external heavy quark states with momenta p and p. Expanding as in Refs. [8, 21] to first order in p and p, one finds that
The matching condition in Eq. (32) determines the coefficient d 1f . In other words, one can impose the condition m 3f = m f to determine d 1f , where m f is the physical quark mass for heavy flavor f . Then one obtains [8, 21] 
In the above example, we introduce improved fields Ψ If to improve the currents. In the example, we considered only improvement to λ 1 f order. We extend the improvement to λ 3 f order in a similar way. First, we need to find a complete set of higher dimensional operators. The continuum FWT transformation in Eq. (20) is a good starting point. Because the FWT transformation up to O(1/m 3 ) contains operators of dimension six, we include operators up to dimension six in the improved quark field.
All the terms in Eq. (40) except for the d 3 term correspond to terms in Eq. (20) . The d 3 term is necessary to remove rotational symmetry breaking effects. To compare Eq. (20) with the continuum FWT transformation, we rewrite it in the same form as Eq. (40), as follows,
Here we include only terms up to 1/m 3 order. We note that the d 3 term is absent in Eq. (41).
Next we need to determine the coefficients d i in Eq. (40). We may choose any matrix element for matching. If we choose the simplest one, c(p )|J lat Γ |b(p) , we can determine only d 1 -d 4 and cannot determine the rest.
To determine the remaining coefficients, we match fourquark matrix elements with one-gluon exchange. In the next section, we explain details of the matching procedure.
IV. MATCHING CALCULATION
Here we explain how to determine the coefficients d i in Eq. (40) for the improved quark field to improve the currents in Eq. (33) at the tree level. We choose the following four-quark matrix element for matching:
where Γ = γ µ , γ µ γ 5 represents the Dirac matrices of the flavor-changing currents, represents a light spectator quark ( ∈ {u, d, s}), and c and b represent charm and bottom quarks, respectively. In the equations of this and the following two sections, we set a = 1 for notational convenience. At tree level, the connected diagram contains onegluon exchange between the light spectator quark and the heavy quarks. Here we consider only the diagram with one-gluon exchange at the b-quark line, shown in Fig. 1(a) . The diagram with one-gluon exchange on the c-quark line, shown in Fig. 1(b) , is identical if we switch b → c. The lattice diagrams which correspond to the continuum diagram in Fig. 1 (a) are shown in Figs. 2(a) and 2(b). One-gluon emission may occur through the one-gluon vertex of the OK action as in Fig. 2 (a) or through the vertex of the improved quark field as in Fig. 2(b) . The small black dot attached to the current operator (cyan circle) with (without) a gluon line represents the one-gluon (zero-gluon) vertex of the improved quark fields. The charm quark part has a separate matching factor which is completely factorized from the bottom quark part.
Hence, let us focus on matching the lattice diagrams with one-gluon exchange on the b-quark line in Fig. 2 to the continuum diagram in Fig. 1(a) . The matching condition is
where q is the four-momentum of the emitted gluon, µ is the Lorentz index, and t a is a generator of the SU(3) color group. n µ (q) = 2 sin( 1 2 q µ )/q µ is the gluon line wavefunction factor [29] . Here N b (p) is the normalization factor for a spinor of the external b-quark line on the lat-
are fermion propagators of b quarks in the continuum and on the lattice, respectively. Here Λ µ is one-gluon emission vertex from the b-quark line in the OK action. R When we expand in q and p on both sides of Eq. (43), we are careful with the heavy quark propagator, since it has pole structure. For example, in the continuum, the heavy quark propagator with momentum p + q can be expanded as follows,
wherep 4 is
Note that (p 4 + q 4 , p + q) is the residual momentum of the internal heavy quark with momentum p + q. If we do the power series expansion as in Eq. (44), then it is natural to identify each term in the matrix element in terms of HQET contributions. Similarly, we can apply the power series expansion to the OK-action heavy quark propagator [14] S
Herep i = 2 sin(p i /2). Since p, q µ 1/a, m 0 , we can expand the lattice propagator as in Eq. (44),
where the ellipsis represents higher order terms. Here, note that
In the construction of the OK action [14] , the dispersion relation of the heavy quark is already matched to the continuum. This means that m 2 = m 4 = m and w 4 = 0, sop lat 4 =p 4 through O(p 4 ). Similarly, we can expand the external quark spinor in the continuum as follows,
The corresponding spinor on the lattice can be expanded as follows,
where m X , m Y , and w 3 are defined in Ref. [30] as
Finally, we need to expand the lattice vertices Λ µ (p + q, p), R (0) (p + q), and R 43), we obtain a number of constraint equations for the OK-action parameters c i and the current-improvement parameters d i . These constraints are sufficient to determine all the improvement parameters d i through λ 3 order, and to put non-trivial constraints on the OK-action parameters c i . Our constraints on the c i are consistent with the original results for the c i obtained by matching the OK action [14] .
In the discussion that follows, we identify the terms in the expansion of the matching condition with contributions from (lattice and continuum) HQET. This exercise sheds light on the structure of the matching calculations and leads naturally to useful cross-checks. Let us begin with the matching calculation at leading order. First, let us choose µ = 4, the time direction. Then both sides of Eq. 43 are identical,
In HQET this contribution arises from one-gluon emission from the one-gluon vertex of the leading-order Lagrangian:
Second, let us choose µ = i (i = 1, 2, 3), the spatial direction i. At leading order the right-hand side (RHS) of Eq. (43) is
Here the first term represents gluon emission by the nextto-leading-order Lagrangian:
where the definition of the matrix Σ i is in Appendix A.
The second term in Eq. (58) represents gluon emission by the next-to-leading-order (NLO) correction term in the field rotation of the flavor-changing current, given in Eq. (20) . Now let us consider the leading-order contributions to the left-hand side (L.H.S.) of Eq. (43) in the spatial directions; these lattice contributions correspond to the continuum expression in Eq. (58).
where m 2 and m B are the kinetic mass and the chromomagenetic mass at tree level, respectively:
Here, the mass m 3 is given in Eq. (38) with f = b.
The first two terms in Eq. (60) come from the lattice HQET Lagrangian at NLO: 
Now, let us consider the expansion through λ 3 b order. Then the R.H.S. of Eq. (43) in the temporal direction is
where P 4 ≡p 4 + q 4 , and the full expansion formula is given in Eq. 
where the full expansion formula is given in Eq. 
where the full expansion formula is given in Eq. (C4).
The matching condition provides a number of constraint equations for the parameters d i and m i . The total number of constraints is about 150, but most of the relations are redundant. The total number of linearly independent constraints is the same as the number of unknown parameters {d i , m i , w i , dw i } given in Appendix F. The mass parameters m i and symmetry breaking parameters w i and dw i in Eqs. (C3) and (C4) are functions of the OK-action parameters and the improvement parameters d i . The matching conditions are simply
and we find eleven improvement parameters which do not vanish at tree level. The final results for the eleven non-trivial improvement parameters {d i } are presented in Section VI.
V. CROSS-CHECK BY HEAVY QUARK EFFECTIVE THEORY
We have cross-checked the final results presented in Section VI in several ways. First, three researchers (Leem, Bailey, Sunkyu Lee) have done the calculation, and confirmed them. Second, when we do the matching calculation, it produces about 150 constraints on the eleven improvement parameters. The constraints also involve the coefficients in the improvement terms of the original OK action. The final results reported here are consistent with all the constraints as well as the OK action coefficients. Third, we show that the results are consistent with factorization of the matching condition in accord with the structure of contributions from HQET. Here we explain this third consistency check.
We can express the RHS of Eq. (43) in the language of HQET as follows,
where, Λ
HQ and Λ (1) HQ,µ represent the zero-gluon emission and one-gluon emission vertices, respectively, which come from the HQET Lagrangian given in Eq. (21) .
Here R
HQ and R
HQ,µ represent the zero-gluon emission and one-gluon emission vertices, respectively, which come from the flavor-changing currents. At tree level the Lagrangian and currents may be constructed using the FWT rotation matrix for the heavy quark field, given in Eq. (20) . The explicit formulas for R HQ,µ , we can derive the following matching relation for the flavor-changing currents:
is a lattice FWT transformation corresponding to the continuum FWT transformation in Eq. (20) . Then the matching condition can be written
where U b is defined in Eq. (41). This relation is equivalent to the matching conditions: dw i = 0, m i = m b .
VI. RESULTS
The results of the matching calculation are below.
These results are valid at tree level, and the coefficients c i of the OK action that appear are the tree-level coefficients. The mass m is the physical quark mass.
With appropriate tuning, we can cross-check these results against those of the Symanzik improvement program. In Table I we show how the c i coefficients of the OK action behave in the chiral-continuum limit am 0 → 0 and the static quark limit m 0 → ∞. In Table II we show the behavior of the improvement parameters d i in the same limits. In the second column of the tables, we show the results in the chiral-continuum limit with ζ tuned so that m 1 = m 2 . Hence, the results in the second column can be cross-checked by comparing with those from the Symanzik improvement program. When using the non-relativistic interpretation of the Fermilab formulation, the parameters r s and ζ are often set equal to one. In the third column of the tables, we show the behavior in the chiral-continuum limit with r s = ζ = 1 (m 1 = m 2 ). In the fourth column of the tables, we show the behavior in the static quark limit with r s = ζ = 1 (m 1 = m 2 ).
To prove the consistency of the results in the second column of the tables with those from Symanzik improvement, we apply Symanzik improvement to the OK action to order (am 0 ) 2 . Details of this calculation are in Appendix G. The results for the c i given in Ref. [14] and the d i given in the second column of Table II are consistent with those from the Symanzik improvement program, which are given in Eqs. (G11)-(G15) (for the c i ) and Eqs. (G21)-(G23) (for the d i ).
Now we turn to a puzzle involving d E . The problem is that our result for d E given in Eq. (79) is different from that in Ref. [8] . The result for d E in Ref. [8] is
which is obtained for the quarkonium system by working up to order v 4 in the power counting of NRQCD. Our
Here, for the comparison, we replace m in Eq. (79) with m 2 without loss of generality. Taking the chiralcontinuum limit of these results gives 
As we can see, even the leading-order terms of d E (FNAL) and d E (SWME) are different from each other. Our result for the leading term in d E (SWME) is consistent with that from Symanzik improvement, given in Eq. (G23). We have not found any problem in the derivation of d E (FNAL) in Ref. [8] . Hence, we do not yet understand the source of the difference between d E (FNAL) and d E (SWME). The chiral-continuum and static limits reveal several simple poles in the coefficients c i and d i . In the second column of Table II , we note a simple pole in d EE and another in d 6 = d 7 , which disappear for r s = 1. In the third column of Table II , we note a simple pole in each of d EE , d 4 = 2d 5 , and d 6 = d 7 . In the fourth column of Table I , we note a simple pole in c 1 . In the fourth column of Table II, all the terms in d i are analytic, regular, and bounded. None of the poles cause any problems when taking the continuum limit a → 0. TABLE I. Behavior of the OK action coefficients ci in the chiral-continuum and static limits. The second column corresponds to the limit m0a → 0 with ζ fixed so that m1 = m2. The third column corresponds to the limit m0a → 0 with rs = ζ = 1 (so m1 = m2). The fourth column corresponds to the limit m0a → ∞ with rs = ζ = 1.
Coeff.
am0 → 0 (m1 = m2) am0 → 0 (m1 = m2) am0 → ∞ (m1 = m2) cB rs 1 1 
TABLE II. Behavior of the improvement parameters di in the chiral-continuum and static limits. The second column corresponds to the limit m0a → 0 with ζ fixed so that m1 = m2. The third column corresponds to the limit m0a → 0 with rs = ζ = 1 (so m1 = m2). The fourth column corresponds to the limit m0a → ∞ with rs = ζ = 1.
am0 → 0 (m1 = m2) am0 → 0 (m1 = m2) am0 → ∞ (m1 = m2) 
VII. CONCLUSION
The goal of this paper is to improve the current operators through λ 3 order in HQET power counting, the same level as the OK action. These improved currents can be used to calculate the semi-leptonic form factors for theB → D * ν,B → D ν,B → π ν, andB s → K ν decays and the decay constants f B and f D . Our final results for the improvement coefficients d i are presented in Section VI.
We adopt the concept of the improved quark field in Ref. [8] and extend it to O(λ 3 ) at tree level. We find that one needs to add seven more higher dimensional terms and corresponding improvement parameters to Eq. (A.17) of Ref. [8] . With one exception (the d 3 term), the higher dimension lattice operators are lattice versions of operators in the continuum FWT transformation of the heavy quark field. The d 3 operator is required to compensate for rotation-symmetry-breaking contributions from the normalized spinors of the OK action. Thus, we need eleven improvement terms in total.
Our matching condition in Eq. (43) determines the improvement parameters uniquely. Our final results given in Section VI have been checked in several ways. First, three individuals have performed the calculation and cross-checked the results against one another. Second, the matching condition provides about 150 self-consistent constraint equations. The constraint equations from the temporal and spatial components of the one-gluon emission vertex are consistent with each other. The constraint equations from the zero-gluon emission vertex are also consistent with those from two-quark matrix elements [30] . As a by-product, the matching condition reproduces the constraint equations for the zero-gluon and one-gluon emission vertices of the OK action. In addition, the matching condition can be expressed in terms of contributions from continuum HQET and lattice HQET. For the quark-level matrix elements we match, the vertices of the continuum currents and action are in one-to-one correspondence with the vertices of the lattice currents and action. This one-to-one mapping provides another crosscheck on the final results in Section VI. At the same time, we note that Eq. (74) is established for the quark-level matrix elements we match by constructing the rotation matrix from the ansatz for the improved field.
There remains a puzzle involving d E . At present, there are two different values of d E available in the literature: One is our result, given in Eq. (89), and the other is given in Eq. (88), which comes from Ref. [8] . They are different from each other even at leading order in the chiralcontinuum limit. To check the validity of our result, we have performed Symanzik improvement. We find the result is consistent with our result for d E . However, we have not found any problem with the derivation of d E in Ref. [8] . Therefore, this issue needs further investigation.
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Appendix A: Notation
We use the same signature for the γ-matrices as in Ref. [8] . The representation for Euclidean gamma matrices is
where σ are Pauli matrices. The γ-matrices satisfy the Clifford algebra:
The remaining definitions are
where α i = γ 4 γ i and Σ k = − i 4 ijk [γ i , γ j ].
Appendix B: Foldy-Wouthousen-Tani transformation
The Foldy-Wouthousen-Tani transformation forQ is
The expansion of the right-hand side (continuum) of Eq. (43) through third order in λ is as follows,
And the left-hand side (lattice) is
Appendix D: Lattice Feynman rules
The one-gluon vertices of the OK action from Ref. [14] are as follows (set a = 1),
The zero-gluon vertex of the improved quark field is as follows,
The one-gluon vertices of the improved quark field are as follows,
R
(1) 4 (p + q, p) = e m1/2 cos 
The factor for the external incoming fermion with momentum p and spin s is given by N (p)u lat (p, s) with the normalization factor N (p) and the spinor u lat (p, s) as follows [8, 14] ,
where µ(p) is given in Eq. (48) and u(0, s) is a constant spinor which satisfies γ 4 u(0, s) = u(0, s). Here, N (p) corresponds to m E and u lat (p, s) corresponds to the continuum spinor as follows,
The one-gluon vertices of the HQET Lagrangian are as follows,
The zero-gluon vertex from Eq. (41) is as follows,
The one-gluon vertices from Eq. (41) are as follows, R
HQ,4 (p + q, p) = − i
R
HQ,i (p + q, p) = 1 2m
The zero-gluon vertex of the lattice HQET Lagrangian is as follows, 
The zero-gluon vertex from Eq. (75) is as follows, R lat,(0) HQ
The one-gluon vertices from Eq. (75) are as follows, i ijk Σ j q k + dw 1 γ i (3p 2 i + 3p i q i + q 2 i ) + 1 8 dw 2 q · (2p + q)γ i + γ · q(2p i + q i ) . 
The lattice short-distance coefficients which determine the improvement parameters are as follows (set a = 1), 
